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Exercise 1. (1) Let R be a set theoretic ring. Show that A ∩ B ∈ R for all
A,B ∈ R.

(2) Show that there is a set theoretic ring R over a set Ω and an A ∈ R such
that Ω \A /∈ R.

Exercise 2. Let µ : Ω → R̂ be a signed measure and (P,Q) a Hahn decomposition
of Ω corresponding to µ.

(1) Show that

µ+ = min
µ1,µ2∈M≥0(Ω):

µ1−µ2=µ

µ1, µ− = min
µ1,µ2∈M≥0(Ω):

µ1−µ2=µ

µ2, µ++µ− = min
µ1,µ2∈M≥0(Ω):

µ1−µ2=µ

(µ1+µ2)

(2) Show that (µ+, µ−) is the unique decomposition µ = µ+−µ− into nonnega-
tive measures such that µ+⊥µ−.

(3) Show that (µ+, µ−) is the unique decomposition µ = µ+−µ− into nonnega-
tive measures such that µ+(Ω) = supµ and −µ−(Ω) = inf µ.

Exercise 3. Show that if µf exists, then f is locally bounded and right-continuous
with left limits existing (cadlag).
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